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Exercise 1 (Strictly positive definiteness K | 4 points).

Let Hx(€2) be a RKHS on Q2 with reproducing kernel K. Prove that K is strictly positive
definite if and only if {Jy : x € Q} are linearly independent.

Exercise 2 (RKHS and smoothness | 4 points).

Let Q2 be a nonempty set, K : Q x Q — R be a strictly positive definite kernel, and Hg
corresponding RKHS. Show the following statements:

a) dg(x,y) = |[K(-, x) = K(-, ¥)|He (o) is a metric.
b) If dim(£2) = oo, then dim(Hg(£2)) = oo.
c) Every f € Hy(€) is Lipschitz continuous with respect to dk.

d) IfQ cR%is openand K € C?K(Q x Q) for k € N, then Hg(Q) ¢ CK(Q).

Exercise 3 (Hierarchical Matrix | 4 points).

Let N = 2/ and let T be an (N x N)-hierarchical matrix with a maximal Level L as on
programming sheet 2. Assume that the low rank approximations of the offdiagonal blocks are
of rank < m.

a) Show that for storing T, one must store mL2/ + 22/~ numbers.

b) Show that the matrix-vector multiplication Tx requires 2mL2’ + 22/~ multiplications.
Exercise 4 (Regularity of the Fourier transform | 4 points).
Let f € L'(R). Prove that

a) f € L°(R),

b) f is uniformly continuous on R.



