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Exercise 1 (Sobolev space H!(R) | 4 points).
Let f € CY(R) be such that £(0) = 0. Show that if u € H!(R), then f(u) € H'(R).

Exercise 2 (Sobolev spaces with real exponents | 4 points).

Let s € R, and Q = (-1, 1). The function is given

) -1, ifx <0,
u(x) =
1, ifx=0.

Show that | u]yys2(q) < % holds when 0 < s < 1/2.

Exercise 3 (Regularization | 4 points).
For A€ R™"and b € R™, for > 0 and x € R", let the quadratic Tikhonov functional be
Tu(x) : = [b - Ax|* + afx|™.
Show:
(a) For every a > 0 there exists a uniquely determined minimum x, € R" of Ty, i.e.,

To(xq) < Ty(x) forall x€R"

(b) The minimum x, satisfies the linear equation system

(ATA + al)x, = A"b.

Exercise 4 (Fourier transform | 4 points).
For the functions ¢, 7 € S(R?), show the following properties of the Fourier transform:
a) Differentiation:

I*(F)(E) = (-)*Fxp)(€)

EX(Fo)(©) = (-)*F(%p)(€)
(b) Translation by y € R%:

(Fo(x+y))(€) = Y (Fo)(©)
(c) Plancherel theorem:

(@, V)izeay = (F, FY)ppgey  and in particular  [@]7 e = 170l e,
(d) Convolution:

Fo-Fp = @i e ) with (pr ) 1= [ px-y)ve)dy

(e) Self-mapping:
Fo € S(RY)



